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ABSTRACT Both elastic modulus and fracture stress are known to increase with the amount of mineral deposited within
collagen fibrils. Current mechanical models of mineralized fibrils, where mineral platelets are arranged in parallel arrays,
reproduce the first effect but fail to predict an increase in fracture stress. Here, we propose a model with a staggered array
of platelets that is in better agreement with results on molecular packing in collagen fibrils and that accounts for an increase
of both elastic modulus and fracture stress with the amount of mineral in the fibril. Finally, we explore the dependence of the
mechanical properties within the model, when the degree of mineralization and the thickness of the platelets as well as their
distance varies.

INTRODUCTION

Bone is a hierarchically structured material with mechanical
properties depending on its architecture at all levels of
hierarchy (Carter and Hayes, 1977; Currey, 1984; Weiner
and Wagner, 1998; Rho et al., 1998). The trabecular archi-
tecture, e.g., in the cancellous bone of vertebrae, strongly
influences the stability of the structure. At a lower level of
hierarchy, one has to consider the lamellar structure of the
bone matrix, which renders the mechanical properties such
as fracture toughness and elastic constants of bone ex-
tremely anisotropic. Finally, at the lowest level of hierarchy,
bone matrix consists of mineralized collagen fibrils. Cal-
cium phosphate (hydroxyapatite) nanocrystals are embed-
ded into the collagen fibrils increasing their stiffness but
decreasing their fracture strain. Because mineralized fibrils
are the elementary unit of the complex bone structure, it is
important to understand how their mechanical properties
depend on the amount of mineral particles and their arrange-
ment within the fibrils.

Mechanical models for bone have been studied for many
years. In particular, the influence of bone mass distribution
in cancellous bone, which mainly results from the trabecular
architecture, can be predicted fairly accurately using finite
element calculations (Huiskes and Hollister, 1993; Petter-
mann et al., 1997). In such calculations, however, bone
matrix is usually approximated as an isotropic material, and
anisotropic mechanical properties result from a preferred
orientation of the trabeculae in cancellous bone (Kabel et
al., 1999). Only recently, efforts were undertaken to include
lower hierarchical levels and, in particular, the fibrillar
nature of the bone matrix into mechanical models (Sasaki et
al., 1991; Wagner and Weiner, 1992; Akiva et al., 1998). At

this level of description, it is not sufficient to consider a
local mineral density but necessary explicitly to take into
account the size, orientation, and local arrangement of the
mineral particles in the collagen matrix.

It is obvious that the stiffness and fracture strain of bone
tissue depend on the amount of mineral deposited in the
collagen matrix. From a simple rule of mixture, one expects
an increase in stiffness (but also brittleness) with increasing
mineral density (Currey, 1969, 1984, 1990). At the level of
individual fibrils, the mechanical properties will also de-
pend on the precise arrangement of the crystals within the
fibrils (Weiner and Wagner, 1998; Rho et al., 1998). Given
the small diameter of these fibrils in the order of 200 nm
(Parry and Craig, 1980), it is, at present, impossible to
isolate individual mineralized fibrils to perform mechanical
experiments. A fairly close approximation, however, is the
mineralized turkey leg tendon (MTLT). In this structure,
collagen fibrils are arranged in a parallel fashion, and they
can be found with a varying degree of mineralization de-
pending on the age of the animal. For instance, Landis et al.
(1995) presented a systematical investigation of the me-
chanical properties of MTLTs at varying degrees of miner-
alization, and of bone. Thus, one common source of exper-
imental scatter was eliminated by referring, as far as
possible, to the same material. Their results are summarized
in Table 1. One interesting feature of this measurement is
the very low value of Landis et al.’s Young’s modulus as
compared to values from other sources (Abe et al., 1996).
Nevertheless, it is clear that the apparent Young’s modulus,
E (for definition, see Fig. 1), increases enormously with the
amount of mineral deposited in the collagen structure (up to
a factor of 400!), however, at the cost of a decrease of
fracture strain, �max, by a factor of up to 30. At the same
time, the fracture stress, �max, increases slightly by a factor
of up to 5. Even though some caution is necessary because
MTLT is an assembly of many collagen fibrils that need not
necessarily contain the same amount of mineral each, and
because there is no conclusive proof that MTLT and bone
show the same mineralization pattern (Fratzl et al., 1992,
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1996), it is important for any mechanical model of miner-
alized collagen fibrils to reproduce the effect of mineraliza-
tion on all three quantities, E, �max, and �max.

In this paper, we further develop previous models for the
mechanical properties of mineralized collagen fibrils (Wag-
ner and Weiner, 1992) by introducing a staggered arrange-
ment of mineral particles in agreement with the distribution
of gaps in the collagen fibril (Veis and Sabsay, 1987; Landis
et al., 1993; Hulmes et al., 1995). We derive approximate
elastic constants and their dependence on the degree of
mineralization and also estimate the maximum stress and
strain of the composite. In particular, we show that, in terms
of mechanical performance, a staggered arrangement of
mineral particles is by far superior to a strictly parallel
arrangement.

A COMPARISON OF DIFFERENT MODELS OF
MINERAL ARRANGEMENTS

In a typical bone remodeling event, the collagen matrix is
deposited first and then thin mineral particles are nucleated
without a change in the overall volume, essentially by the
replacement of water (Glimcher, 1987; Posner, 1987). This
implies structural constraints for the arrangement of the
mineral particles inside a collagen fibril, which have to be
considered for the mechanical model of the mineralized
fibril.

Structural considerations

Collagen fibrils are well known to be assemblies of parallel
collagen molecules arranged with a longitudinal stagger
according to the Hodge–Petruska scheme (Hodge and

Petruska, 1963; Veis and Sabsay, 1987). A sketch of this
structure is shown in Fig. 2 a. Because the length of the
molecule (close to 300 nm) is not an integer multiple of the
axial period (67 nm), the staggering leads to gaps in the
structure. In fact, gap regions and overlap regions are ar-
ranged in a periodic fashion along the fibril, where the gap

TABLE 1 Values of mechanical data

Typical Values*

Type of Tissue Collagen Min. Tendon Bone

Degree of mineralization � 0 0.15 0.40–0.45

Young’s modulus [MPa] 50 400–700 10000–20000
E�, relative to collagen 8–15 200–400

Maximum elastic strain [%] 35 6–8 0.5–1.0
��, relative to collagen 0.15–0.25 0.015–0.03

Maximum elastic stress [MPa] 20 30–40 100
��, relative to collagen 1.5–2.0 5

Special Values†

Type of Tissue Deer Antler Whale Bulla

Degree of mineralization � 0.38 0.72

Young’s modulus [MPa] 7400 31300
E�, relative to collagen 150 630

*Taken from Landis et al. (1995).
†Taken from Currey (1984).

FIGURE 1 Schematic of the stress–strain (� versus �) curve of collagen.
The slope of the linear part is considered to represent the elastic modulus
of the collagen molecules. The maximum strain �max and the maximum
stress (load) �max are defined as the limits of the linearly elastic regime.

FIGURE 2 Comparison of two-dimensional models of mineral platelets
in a collagen matrix. a, the Hodge–Petruska scheme of unmineralized
collagen; b–d, different possibilities of the arrangement of mineral crystals.
Arrows R and L denote the radial and longitudinal coordinate with respect
to the arrangement shown in Fig. 3. The table shows the degree of
mineralization, �, the elastic modulus, E�, the maximum strain, ��max, and
the maximum stress, ��max, for the arrangement above. All (primed) values
are relative to the respective values of unmineralized collagen.
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regions occupy roughly 60% and the overlap regions 40%
of the axial periods. It is generally believed that mineral
particles are nucleated primarily inside the gap region of the
fibril where nucleation sites could be present and where
more space is available since one-fifth of the collagen
molecules are missing. In a later stage, however, the mineral
particles extend into the overlap region. These particles are
typically very flat (one dimension in the order of 2–4 nm
(Fratzl et al., 1992, 1996; Weiner and Wagner, 1998) and
elongated (the longest dimension may reach �100 nm)
(Arsenault and Grynpas, 1988; Landis, 1995; Landis et al.,
1996). This longest dimension is typically found to be
oriented parallel to the collagen molecules in the fibrils.

Starting from the idea that the amount of mineral that can
be deposited in the fibrils is limited by the amount of water
in the unmineralized matrix that may be replaced by min-
eral, a number of constraints may be derived. Indeed, Lees
(1987) has shown that the lateral spacing of the collagen
molecules (i.e., the typical spacing in the direction denoted
by R in Fig. 2) decreases both on drying and on mineral-
ization, the smallest spacing being ddry � 1.1 nm in fully
dry collagen. The values for wet bone matrix are dwet �
1.55 nm and for tibia dbone � 1.25 nm. Changes in the axial
period are also found but are much less dramatic (Fratzl et
al., 1993) so that they need not be considered here. Hence,
the largest possible volume fraction that may be incorpo-
rated into the overlap zone of the fibril corresponds to

�overlap � 1 � �ddry/dwet�
2 � 0.50. (1)

A more likely estimate for bone is obtained using the actual
spacing measured in compact bone,

�overlap � 1 � �dbone/dwet�
2 � 0.35. (2)

Because one-fifth of the molecules are missing in the gap, a
somewhat larger amount of mineral can be stored in the gap
region,

�gap � 1 � 0.8�ddry/dwet�
2 � 0.60, (3)

as the upper possible limit, and

�gap � 1 � 0.8�dbone/dwet�
2 � 0.48, (4)

as the most likely value in fully mineralized bone. Consid-
ering that 	60% of each axial period is a gap region and the
rest overlap, we get from these values an average mineral
volume fraction in fibrils of � � 0.43 in fully mineralized
cortical bone and � � 0.56 as the upper possible limit.
These values are in good agreement with ash weight mea-
surements of mineral content in bone (Abe et al., 1996). In
any model for the mineralized collagen fibril, Eqs. 1–4 have
to serve as boundary conditions.

Figure 2 shows several possible models for the deposition
of mineral crystals in the fibrils. In Fig. 2 b, it is assumed
that the crystals only occupy the gaps. This limits their
length to about 40 nm. Typical values are assumed for the

thickness (3 nm) and for the overall mineral volume fraction
(� � 0.40). This implies that the mineral volume fraction in
the gap is 0.40/0.6 � 0.67, which is beyond the maximum
possible value (Eq. 3). Hence, at this degree of mineraliza-
tion the particles must extend into the overlap region.

In Fig. 2 c the crystals are assumed to grow into the
overlap region to allow a reasonable mineral volume frac-
tion of 0.45 in the gap region. The length of the crystals
must then be about 60 nm and extend over most of the
overlap region as well. The result is that the mineral density
is practically the same in the gap and overlap region, which
is clearly in contradiction to electron microscopy results
(Glimcher, 1987; Landis et al., 1993; Weiner and Wagner,
1998) on single mineralized fibrils as well as to x-ray (Fratzl
et al., 1993) and neutron scattering (White et al., 1977) data.

Fig. 2 d presents an arrangement where the crystals are
even longer (	100 nm) but arranged in a staggered fashion.
With the same overall mineral fraction � � 0.40, we get the
values �overlap � 0.25 and �gap � 0.50, which are not in
contradiction to Eqs. 1–4. Moreover, the mineral content is
higher in the gap than in the overlap region. Of course, Fig.
2 is only a 2-dimensional representation of the structure. A
sketch for a possible 3-dimensional structure is given in Fig.
3. This is based on the proposal by Hulmes et al. (1995) that
the gaps in the collagen fibril are arranged in concentric
channels around the fibril core. For the rest of this paper,
however, we stay within the two-dimensional description of
Fig. 2.

Mechanical considerations

As shown schematically in Fig. 1, the stress versus strain
curve of collagen is definitely nonlinear at the beginning
(“toe” and “heel” region) due to the inherent kinks of the

FIGURE 3 Sketch of the 3D arrangement corresponding to the staggered
structure given in Fig. 2 d. The model is based on a concentric structure of
the collagen fibril as proposed by Hulmes et al. (1995).
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collagen fibrils and molecules (Vincent 1990; Misof et al.,
1997; Fratzl et al., 1997). Therefore, the gradient of the
central, more or less linear part of the curve, thought to
represent the intrinsic properties of collagen molecules, is
taken as the Young’s modulus of pure, unmineralized col-
lagen. Because, in the following, we restrict ourselves to
purely elastic behavior, we define the maximum permitted
strain and stress as the values at which the actual curve
deviates significantly from the straight line drawn in Fig. 1.
In other words, we associate the strain and stress at “failure”
not with the actual breaking point of the material, but with
the limit of elastic behavior (this is the model of an ideal
elastic brittle material). With increasing mineralization, the
toe and heel parts of the curve tend to diminish, and, for
bone, cannot be found any more (Landis et al., 1995).

For the two parallel-serial models (Fig. 2, b and c), the
elastic properties may be estimated using the Voigt–Reuss
model discussed in the Appendix. Figure 2, lower half,
gives E�, ��max, and ��max for the models considered. All
primed values of mechanical properties are normalized to
the respective values of pure (unmineralized) collagen. Be-
cause the Young’s modulus of hydroxyapatite is larger than
that of collagen by three orders of magnitude, the mineral
platelets are assumed to be infinitely stiff (rigid platelet
model). The outstanding property of models b and c is that
they are well able to yield an increase in E�, but at the cost
of a proportional decrease of ��max. Moreover, ��max can
never extend beyond the value of pure collagen (which
corresponds to ��max � 1) because the overall possible load
is limited by the layers of unmineralized collagen appearing
periodically along the fibril axis (Fig. 2, b and c). Therefore,
the parallel-serial model cannot fully describe the properties
of mineralized collagen. The staggered arrangement, in con-
trast, Fig. 2 d, does not suffer from that restriction. Because,
in this case, a new source of strength is introduced, namely,
shear stresses in the collagen phase between the overlapping
mineral platelets, E� can be increased without losing a
proportional amount of ��max. Consequently, the maximum
load, ��max, is increased well beyond the value of unminer-
alized collagen, as will be shown in the next section.

FIBRIL WITH STAGGERED MINERAL CRYSTALS

In this model, estimates of mechanical properties using
extensions of the rule of mixture must fail because the
behavior is now dominated by shear in the matrix. A more
refined but still simple treatment is therefore presented here,
which leads ultimately to a closed-form solution. For the
sake of simplicity, we will, in the following, replace the
rather nonlinear and anisotropic collagen by an “effective”
elastic medium with a Poisson’s ratio of � � 0.25, as done
by other authors, e.g., Akiva et al. (1998).

Figure 4 shows an enlarged view of an elementary cell of
the staggered arrangement. In the longitudinal direction, the

cell of original length (l � a)/2 is elongated by an amount

, and the resulting force F is calculated on the basic
(symmetry) plane with area A � h(d � b) by superimposing
tensile and shear stresses in the volumes indicated. All the
dimensions (a, l, etc.) are defined in Fig. 4. Ideal coherence
between mineral platelets and collagen at their respective
interfaces is assumed. The tensile stress in region (A) and
the shear stress in (C) are counted fully, whereas, of the
tensile stress in (B) and the shear stress in (D), only appro-
priate fractions are counted. Using the principle that the
average number of collagen molecules within a given cross-
section of the fibril is not changed by mineralization (min-
eral replaces water within the fibril), the number of collagen
molecules within an area (b � d)h in unmineralized colla-
gen will be approximately the same as within the area b � h
between the crystals in Fig. 4. Hence, the effective elastic
modulus of collagen in regions (A) and (B) of Fig. 4 is Ê �
Ec (b � d)/b, whereas the appropriate shear modulus used in
regions (C) and (D), Ĝ � �Ê with � � 0.4. To derive the
relative elastic modulus, E�, i.e., the elastic modulus of the
composite relative to the elastic modulus of unmineralized
collagen, the sum of the forces generated in regions (A)–
(D), respectively, F � F1 � F2 � F3 � F4, is normalized
by the force Fc exerted on the same area A by an equal
amount of unmineralized collagen, given by

Fc � Ec � �b 	 d� � h � 
/��l 	 a�/2�. (5)

Thus, it is possible to compute the elastic modulus of the

FIGURE 4 Two adjacent elementary cells of the staggered model show-
ing the regions of tensile (regions A and B), and shear (regions C and D)
stresses separately. The dimensions of the mineral, l and d, are indicated as
well as the distances between them, a and b. The elementary cells are
shown strained by an amount 
.
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composite relative to the modulus of unmineralized collagen
by

E� � E/Ec � F/Fc � E1 	 E2 	 E3 	 E4 , (6)

where E1 to E4 are the contributions from regions (A) to (D),
respectively:

A: Because the mineral platelets are assumed to be inex-
tensible, the volume with cross-section dh is strained from
length a/2 to a/2 � 
, yielding

E1 � Êdh�
/�a/2��/Fc � d�l 	 a�/�ab�. (7)

B: In this region, the tensile strain is distributed inhomo-
geneously because regions immediately adjacent to mineral
crystals do not experience any tensile strain, assuming a
tight binding between mineral crystals and the adjacent
collagen molecules. Therefore, at the A–B boundary, the
strain is concentrated in the short portion of length a/2 not
adjacent to the mineral, whereas, in the center, the elonga-
tion can be distributed over the full length (l � a)/2.
Assuming a roughly linear increase of strain between these
extremes, the contribution from this region is

E2 � Êbh1
2
�2
/a 	 2
/�a 	 l��/Fc � �2 	 l/a�/2. (8)

C: A slightly different subdivision is chosen to compute
the shear strain. Here a volume with cross-section h(l 
 a)/2
is sheared by 
/b, and, as long as (l 
 a) 
 0, i.e., as long
as there is any overlap of the mineral platelets, this results
in

E3 � Ĝh��l � a�/2��
/b�/Fc � ��l � a��l 	 a�/�4b2�.
(9)

D: In this region, we assume that the sheared volume
extends from the surface of one platelet toward the center
line of the next mineral, a distance of (b � d/2), instead of
only b as in volume C. There are two such volumes con-
sidered, starting at the basic symmetry planes, bottom and
top, where the shear strain is zero, whereas, adjacent to the
mineral, it is 
/(b � d/2). Taking the mean value over the
cross-section, ha/2, leads to

E4 � 2Ĝh�a/2�1
2
�
/�b 	 d/2��/Fc

� �a�l 	 a�/�2b�2b 	 d��. (10)

The maximum permitted overall strain, ��max (normalized
with its value for unmineralized collagen, �max

c ), is given by
the condition of not exceeding the maximum strain of
collagen in any point (cf. Fig. 1). The individual strains
within the volumes A–D are given in the text leading to Eqs.
6–10. In particular, the largest tensile strain occurs in region
A, �tensile � 2
/a. The largest shear strain occurs in region
C, �shear � 
/b. Hence, the maximum strain is obtained by
setting Max{�tensile, �shear} � �max

c , where, in the absence of
experimental data, the maximum reversible shear strain of

collagen was assumed to be equal to the maximum revers-
ible tensile strain, �max

c . Because the total tensile strain of
the composite is just 2
/(l � a), the normalized maximum
strain becomes

��max � �2
/�l 	 a��/�max
c � 2 Min�b, a/2�/�l 	 a�. (11)

Finally, the (normalized) maximum stress ��max, is deter-
mined as the product of the relative elastic modulus, E�, and
the maximum normalized strain, ��max.

CHOICE OF PARAMETERS AND LIMITS OF
THE MODEL

Obviously, the model proposed has a number of degrees of
freedom in the choice of the parameters: the dimension of
the platelets, length l and thickness d, and a and b, the
distances between them, even when � is fixed. In the
two-dimensional model, � is connected to the linear dimen-
sions as

��l 	 a��b 	 d� � ld. (12)

The axial periodicity of the collagen structure with a period
of 67 nm (cf. Fig. 2) imposes the additional condition,

�l 	 a�/2 � 67 nm. (13)

These two relations effectively leave two free parameters in
the problem, which we take to be d and b.

There are, however, some conditions that limit the pos-
sible variation of b and d. The limit a � 0 corresponds to
mineral platelets extending continuously along the full
length of the fibril. In such a case, ��max is given by the
extensibility of the mineral alone, which has been set to 0
(rigid platelets) in the present approximate model. More-
over, the elastic modulus would become infinite with a
approaching the value 0. Then, from Eq. 12, follows

a � 0f d/�b 	 d� � �. (14)

Second, when a becomes larger than l, there is no more
staggering of the mineral particles (cf. Fig. 4) and layers of
unmineralized collagen appear in between layers of miner-
alized collagen, similar to the case depicted in Fig. 2 c.
Hence, for a 
 l, the arrangement no longer corresponds to
the model of staggered mineral particles, and the method
used to estimate the mechanical parameters, Eqs. 6–11,
fails. We therefore consider only the case a � l, which gives
(using Eq. 12)

a � lf d/�b 	 d� � 2�. (15)

Furthermore, some algebra shows that, in the staggered
model, one has the general expression,

� � �gap � 5
4
� (16)
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When a � 0 or a � l, then the inequality becomes the
equality �gap � �. The other limit, �gap � 5⁄4 �, is ob-
tained exactly for the situation depicted in Fig. 2 d, where
the mineral density in the gap is just twice that in the
overlap. Hence, as long as the overall mineral density � is
smaller than 0.48, Eq. 3 is automatically fulfilled. Because
� � 0.6�gap � 0.4�overlap, Eq. 15 also implies that

5
8
� � �overlap � �, (17)

and Eq. 1 is also automatically satisfied for � � 0.48.
Therefore, in the following, we only consider the case
where � � 0.48.

RESULTS

Typical results for a high degree of mineralization (� �
0.42, roughly corresponding to fully mineralized bone) and
low mineralization (� � 0.15, mineralized tendon) are
shown in Figs. 5 and 6, respectively, assuming a typical
thickness for the mineral platelets, d � 3.5 nm, observed in
a number of tissues (see, e.g., Fratzl et al., 1996). The upper
graph shows the relative stiffness of the tissue E�, and the

contributions due to shear, E3 � E4 (Eqs. 9 and 10) and to
tensile strain, E1 � E2 (Eqs. 7 and 8). The central graph
gives the maximum strain, ��max, and the lowest one the
maximum stress, ��max (all quantities being normalized with
respect to unmineralized collagen). These values are plotted
as functions of the spacing between mineral platelets, b.
From Eqs. 12 and 13, it can be seen that, for fixed � and d,
varying b implies varying both a and l. Corresponding
values of a are shown in Figs. 5 and 6 top, and the platelet
length, l, is given by a through Eq. 13. It is clearly apparent
in both Figs. 5 and 6 that the behavior at small average
spacing between crystals is dominated by shear of the
collagen matrix, whereas, for a larger spacing, it is domi-
nated by tensile strains. The boundary between these types
of behavior is the line labeled S, where shear and tensile
strains in the collagen matrix are just equal, that is, a � 2b
according to Eq. 11. The limits T and R correspond to the
inequalities 0 � a and a � l (Eqs. 14 and 15, respectively).
Accordingly, ��max and ��max correspond to shear failure
between R and S and to tensile failure between S and T.

The steep decrease of ��max and ��max from S to T and the
sharp increase of E� in the same region are connected to the
fact that, here, the longitudinal distance between platelets, a,
decreases sharply. At the limit of a � 0 (line T), one would
have continuous mineral ribbons across the full length of the

FIGURE 5 Results for the elastic modulus, E�, the tensile and shear part
thereof, the maximum strain, ��max, and the maximum stress, ��max. All
primed values relative to the respective values of unmineralized collagen,
calculated for a mineralization � � 0.42 and d � 3.5 nm, versus b. The
limits denoted R, S, and T correspond to the cases a � l, a � 2b, and a �
0, respectively.

FIGURE 6 Same as Fig. 5, but calculated for � � 0.15 and d � 3.5 nm,
versus b.
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fibril and the behavior would be dominated by the proper-
ties of the mineral (that is, extremely large stiffness, van-
ishing extensibility).

For a smaller lateral spacing between mineral platelets
(region between R and S) the behavior is completely dom-
inated by shearing of the collagen matrix. This is true not
only for ��max and ��max, but also for the stiffness, where the
shear contribution is by far dominating (particularly at
higher mineral densities, Fig. 5). In this region, ��max is only
weakly dependent on the spacing, b, and also the stiffness
varies more gradually. Typically, the stiffness is largest for
the smallest possible b. In the case of high mineral density
(Fig. 5), the lowest value of b (at the limit R) is somewhat
unrealistically small. Indeed, considering the number of
collagen molecules that have to be present between the
platelets (see Fig. 2 a), and squeezing them to the smallest
possible volume (corresponding to a lateral spacing between
molecules as in fully dry collagen) a spacing no smaller than
bmin � 1.6 nm can be obtained. Hence, we expect that the
largest relative stiffness to be obtained with � � 0.42 (Fig.
5) would be 	300 (for b � bmin) together with a relative
tensile stress of about 6. Similar values for the stiffness
could also be obtained with a configuration where tensile
strains in the matrix dominate (larger lateral spacing, b, but
very small axial spacing, a), however, at the cost of a much
smaller tensile stress!

At the lower mineral density � � 0.15 (Fig. 6), the
dependence on the spacing between crystals is generally
weaker, and one can expect E� between 10 and 15 and ��max

around 2. Only when the axial spacing decreases to zero (T),
the stiffness increases but at the cost of a decrease in ��max.

To get a more complete picture, we have also plotted the
same data as in Figs. 5 and 6 for different values of the
crystal thickness, d. The convention is here to plot contour
lines with the same value of E�, ��max, and ��max (Fig. 7 and
8). For a fixed volume fraction of mineral, �, only two
parameters remain in the model, given the relations in Eqs.
12 and 13. Hence, each of Figs. 7 and 8 explores the full
parameter space of the model for � � 0.42 and � � 0.15,
respectively.

At � � 0.42 (Fig. 7, top) one can see that the maximum
of E� always appears at the smallest d, but the dependence
on b is ambivalent: starting from the minimum approxi-
mately at the S line, one can increase the elastic modulus
either by enlarging or by decreasing b. Decreasing b means
larger shear stress in the collagen matrix. Increasing b, in
contrast, corresponds to a decrease of the spacing a, as
discussed above, and always leads to extremely small max-
imum tensile stresses (between lines S and T in the lower
part of Fig. 7).

E� and ��max for � � 0.15 (Fig. 8), at first glance, look
rather similar to the case above, the lower absolute values of
E� compared to Fig. 7 are, of course, due to the lesser degree
of mineralization, likewise the larger absolute values of
��max. But now the tensile and shear stress components along

the S line are more similar, so an equipartition of strain
combined with a near-equipartition of stress between shear
and tension leads to a different behavior of ��max: the max-
imum tensile stress, ��max, has a pronounced maximum
along S, where the permitted strain, ��max, is largest, increas-
ing with decreasing d, but at medium values of b.

In conclusion, we observe that the stiffness can increase
by reducing either the lateral spacing, b, or the axial dis-
tance, a, between crystals. However, only the first of the
two possibilities also leads to an increase in fracture stress
as found in experiments on tendon and bone.

DISCUSSION

In mechanical models for mineralized collagen fibrils, it is
not sufficient to consider only the stiffness of the tissue.
Indeed, fracture strain and fracture stress are important
characteristics and are likely to decrease when the stiffness
is increased by mineralization. Here we have studied a
model with a staggered arrangement of mineral particles
distributed unequally in the gap and the overlap zone of the

FIGURE 7 Contour plots of the elastic modulus, E�, the maximum
strain, ��max, and the maximum stress, ��max for a mineralization � � 0.42.
The limits denoted R, S, and T correspond to the cases a � l, a � 2b, and
a � 0, respectively. The value d � 3.5 nm used in Fig. 5 is indicated by
the horizontal dotted line.
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fibrils. This structure is not only consistent with recent
models for the packing of collagen molecules within fibrils
(Hulmes et al., 1995), but has also quite interesting mechan-
ical properties. Due to the staggering, the collagen matrix
feels tensile as well as shear stresses.

With a fixed volume fraction of mineral, �, the model is
described by two parameters only, for example, the lateral
spacing between mineral platelets, b, and their axial spac-
ing, a. The most remarkable result is that the stiffness of the
tissue (for given mineral content) increases when either
spacing, b or a, decreases. The implications of these two
cases are, however, extremely different, particularly at large
� (e.g., � � 0.42, which roughly corresponds to bone):

1. When the axial spacing, a, decreases, the behavior is
dominated by tensile stress in the collagen layer between
the column of crystals in axial direction of the fibril. It is
clear that the stiffness increases when this layer de-
creases in thickness. The failure load of the mineralized
fibril will, however, be dictated by the failure of the
collagen layer in between the crystals. The model calcu-
lations (see Fig. 5) show clearly that a stiffness corre-
sponding to the values found in bone (see Table 1) would

correspond to a failure load much smaller than found
experimentally.

2. When, instead, the lateral spacing b decreases, the me-
chanical behavior starts to be dominated by shear of the
collagen matrix in the layers between crystals staggered
laterally. The model calculations show, in this case, that
both the stiffness and the fracture load may increase
significantly with mineralization and ultimately describe
the typical experiment data for bone (Table 1).

In previous models (Wagner and Weiner, 1992; Akiva et
al., 1998), parallel arrays of mineral platelets were assumed
inside the fibrils. This leads to a succession of mineralized
and unmineralized layers along the fibrils. To achieve a
stiffness corresponding to the values found in bone, an
extremely small axial spacing (about one Angstrom) had to
be assumed between the mineral layers. Such a value is
unrealistic given the typical thickness of collagen mole-
cules. Moreover, the situation in such a Voigt–Reuss model
corresponds roughly to case 1, in that the fracture load
cannot exceed the one of unmineralized collagen. Clearly,
the staggered model studied in the present paper is superior
in describing the properties of bone tissue.

Interestingly, our model is also able to predict accurately
the mechanical data for mineralized turkey leg tendon (Lan-
dis et al., 1995), when choosing the appropriate mineral
density � � 0.15 and a typical thickness of mineral crystals
d � 3.5 nm. The model then predicts E� � 10–15, ��max �
0.2 and ��max � 2, for any reasonable value of b, in good
agreement with the data in Table 1.

Table 1 also gives numerical values for deer antler (Cur-
rey, 1984). This tissue has a slightly lower degree of min-
eralization than bone (� � 0.38), but a much smaller
stiffness. Again, this can be reproduced easily within the
framework of our model. This may be seen in Fig. 5 (drawn
for � � 0.42), which would not be much different for � �
0.38. One can see that the stiffness is dramatically reduced
but the fracture strain at the same time increased, when b is
chosen at the S position rather than as small as possible. The
values read in Fig. 5 for the stiffness at S are not far from
those reported in the literature for deer antler (Table 1).
Hence, one may speculate that the optimization of fracture
strain rather than stiffness may lead to a tissue closer to
antler than to bone (for a given volume fraction of mineral).
This difference would be achieved by a somewhat larger
lateral spacing of the crystals corresponding to the S point
(Fig. 5), where the maximum tensile and shear strains
appearing in the collagen matrix would just be equal.

Finally, data for bulla (Currey, 1984) are also included in
Table 1. These rather small bones have a mineral volume
fraction of � � 0.72, which is well beyond the limits
permitted in our model (Eqs. 1 and 3). Therefore, it must be
assumed that part of the mineralization is found outside the
fibrils where its contribution to the mechanical properties is

FIGURE 8 Same as Fig. 7, but for � � 0.15. The value d � 3.5 nm used
in Fig. 6 is indicated by the horizontal dotted line.
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difficult to estimate. The high elastic modulus E� � 630 (see
Table 1) can be reproduced using the present model even
assuming an intra-fibrillar mineralization of only � � 0.48
simply by choosing b � bmin � 1.6 nm (in the absence of
any measurements of mineral platelet dimensions for this
rather special tissue, this assumption may be true) but then
both b and d are at their respective minimum values, and, in
addition, a is rather small, so that, for this case, the assump-
tion of rigid platelets is no longer valid. Hence, for this case,
other mechanisms for increasing the stiffness must be invoked.

One of the main results is also that the stiffest tissue is
obtained for the thinnest possible crystals spaced laterally as
tightly as possible. This corresponds well to the experimen-
tal observation that bone crystals are extremely thin with a
width of only a few nanometers (Fratzl et al., 1992, 1996).
What may seem surprising, however, is that this thickness is
usually found to increase during bone maturation (Fratzl et
al., 1991; Rinnerthaler et al., 1999). However, this does not
mean a reduction of stiffness during maturation. On the
contrary, if the number density of crystals is fixed for a
given tissue, e.g., by the density of nucleation centers for the
crystals (Glimcher, 1987), then b � d is constant, and any
increase in d leads to an increase in E�, as visible, e.g., in
Fig. 7.

Despite these encouraging results of the comparison be-
tween model calculations and experiment data, the signifi-
cance of the numerical agreement should not be overesti-
mated. First, data from mechanical experiments are reported
for the entire tissue, which has a complex hierarchical
structure and where the mineralized fibrils are only a motif
used for building higher-order elements (e.g., lamellae)
(Weiner and Wagner, 1998). Second, our calculations were
done assuming the mineral platelets to have an infinite
stiffness. In view of the elastic modulus of hydroxyapatite
being at least three orders of magnitude larger than that of
collagen, this seems to be quite natural. As long as neither
spacing, a or b, approaches zero, the approximation remains
valid. The limit when a � 0 or b � 0, however, leads to
infinite stiffness, which is, of course, unreasonable. Third,
our model is explored with very rough approximations of the
actual mechanical behavior and is only two-dimensional.

Nevertheless, we believe that our numerical study has
shown that a staggered arrangement of mineral particles in
the fibrils is mechanically superior to a strictly parallel
arrangement. Moreover, the model predicts the dependence
of stiffness and fracture load on the volume fraction and
spacing of mineral particles, which is in reasonable agree-
ment with experimental data. A refinement of the model
would require a three-dimensional treatment of the problem
(as outlined in Fig. 3) and more accurate numerical com-
putations using, e.g., finite element methods. Finally, of
course, the influence of higher hierarchical bone structures
(e.g., lamellae, osteons, etc.) needs to be considered.

APPENDIX: THE SERIAL-PARALLEL
(VOIGT–REUSS) MODEL

It is well known that the properties of collagen–mineral composites like
tendon and bone lie between the limiting cases of the Voigt (or parallel)
and the Reuss (or serial) models (Currey, 1984). If we denote the volume
fraction of mineral by �, then, for the parallel model, Young’s modulus is
composed from the moduli of the constituents collagen (index coll) and
mineral (index min):

Eparallel � Emin� 	 Ecoll�1 � ��, (A1)

while the strains in mineral and collagen are identical and therefore limited
by the more brittle component, i.e., the mineral,

�max,parallel � �max,min . (A2)

For the serial model, the compliances (the reciprocal values of the moduli)
are additive,

1/Eserial � 1/Emin� 	 1/Ecoll�1 � ��, (A3)

while the stresses are identical and therefore limited by the weaker phase,
the collagen,

�max,serial � �max,coll . (A4)

The maximum strain here is simply given by

�max,serial � �max,serial/Eserial . (A5)

A series combination of layers of parallel platelets and layers of un-
mineralized collagen (index sp), as used, e.g., by Akiva et al. (1998), with
a volume fraction of the reinforced phase 
 then yields

Esp

Ecoll
�

�Emin 	 �1 � ��Ecoll


Ecoll 	 �1 � 
���Emin 	 �1 � ��Ecoll�
. (A6)

Because Ecoll/Emin � � �� 1,

Esp

Ecoll
�

� 	 ��1 � ��


� 	 �1 � 
��� 	 ��1 � ���
(A7)

can be expanded yielding (as long as � �� �)

Esp

Ecoll
�

1
1 � 


. (A8)

Therefore, it can be seen that, in this case, arbitrary increases in Esp can
easily be achieved by choosing a suitably small thickness of the unrein-
forced collagen layer, 1 
 
. This is exactly the gist of the Akiva et al.
(1998) model, using u � 0.1 nm thin layers of unmineralized between l �
50 nm layers of platelet-reinforced collagen. By using the unphysically
small value of u (about the diameter of a single atom of hydrogen!) their
model yields Ecomposite � 33.4 Ecoll, which is well enough if we accept the
authors’ data of Ecoll � 1.5 Gpa, but not enough if we use the value derived
from Landis et al. (1995), Ecoll � 50 Mpa � 0.050 Gpa (cf. Table 1). The
use of the models of Padawer and Beecher (1970) or Lusis et al. (1973) is
especially inappropriate in this context, because the formulae given by
these authors do not even contain the all-important distance u explicitly.

Although the so-calculated values for Ecomposite may just be sufficient,
the main shortcoming of this model is:

�max composite � �max coll �max composite � 0.004�max coll .

Both �max and �max are far too low compared to Table 1, depicting a very
weak and brittle substance. In this model, the platelets clearly act as stress
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concentrators, whereas the deformation is limited to the narrow region of
matrix in between, across the axis of tension.
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